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Controlling two-species Mott-insulator phases in an optical lattice to form
an array of dipolar molecules
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We consider the transfer of a two-species Bose-Einstein condensate~BEC! into an optical lattice with a
density such that a Mott-insulator state with one atom per species per lattice site is obtained in a deep lattice
regime. Depending on collisional and transition parameters, the result could be either a ‘‘mixed’’ or a ‘‘sepa-
rated’’ Mott-insulator phase. Such a mixed two-species insulator would be well suited for the formation of
dipolar molecules via photoassociation. The resulting array of dipolar molecules could then be used for the
formation of a dipolar molecular condensate or for computation. For the case of a87Rb-41K two-species BEC,
however, the large interspecies scattering length makes it difficult to obtain the desired mixed Mott-insulator
phase. To overcome this difficulty, we investigate the effect of varying the lattice frequency on the mean-field
interaction and propose a favorable parameter regime, under which a lattice of dipolar molecules could be
generated.
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In a ground-breaking recent experiment, a quantum ph
transition from a superfluid~SF! to a Mott-insulator~MI !
state was observed by varying the depth of a thr
dimensional~3D! optical lattice superimposed onto a trapp
Bose-Einstein condensate~BEC! of 87Rb atoms@1#. This ex-
periment highlights a growing trend in ultracold atom
physics whereby condensates are no longer the direct o
of study, but serve mainly as well-controlled initial state f
the preparation of more exotic highly-correlated many-bo
states. In addition to providing a new insight into fundame
tal phenomena of condensed-matter physics, MI states
expected to have important applications in Heisenbe
limited atom interferometry@2# and quantum computing
@3,4#.

An additional interesting application of a Mott insulat
was recently proposed by Jaksch and co-workers: emplo
a Mott-insulator state as an intermediate stage in the gen
tion of a BEC of molecules@5#. Molecules would be formed
via stimulated Raman photoassociation of a Mott insula
with two atoms per lattice site, resulting in a molecular M
with unit filling factor that could then be ‘‘melted’’~by adia-
batically reducing the lattice depth! to form a molecular
BEC. This is a distinct advantage over photoassociation
the superfluid phase@6,7#, as photoassociation strongly fa
vors the creation of vibrationally excited molecules—due
favorable Franck-Condon transition from the continuum
which tend to undergo inelastic collisions in the presence
other atoms and/or molecules. In such a collision, the res
ing release of vibrational quanta leads to loss of both p
ticles from the trap. The primary advantage of the Mo
insulator approach is thus the fact that duri
photoassociation the resulting molecules would be co
pletely isolated from collisions with other atoms and/or m
ecules. By isolating each vibrationally excited molecule in
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lattice site, it should be possible to stimulate the molecu
into the ground rotational-vibrational state before melting
Mott insulator, thus eliminating this collisional loss mech
nism.

In this Rapid Communication, we extend this idea to t
formation of a lattice oftwo-species Mott-insulator phas
with precisely one atom per species per lattice site. T
scheme would require a two-species Bose-Einstein cond
sate as a starting point, as has been recently demonst
with 87Rb and41K @8,9#. The two-species condensate wou
then be adiabatically loaded into a three-dimensional opt
lattice, resulting in the formation of either a mixed or sep
rated MI state, corresponding to each lattice site contain
different or identical species, respectively, see Fig. 1. T
formation of a mixed phase turns out to be difficult for th
case of a87Rb-41K system due to the large repulsive inte
species scattering length, which favors the separated ph
We propose overcoming this difficulty by varying the optic
lattice frequency, which exploits the difference in atom
resonance frequencies to control the relative densities of
two species.

Preparing a Mott-insulator state of heteronuclear m
ecules by this approach would be an effective method
obtain a lattice of dipolar molecules for use as a qubit reg
ter in a quantum computer@10#. In addition, a rich variety of
quantum phases are predicted for the ground state of a la
of dipolar bosons, including a supersolid phase@11#. Once
formed, the lattice of dipolar molecules could also be mel
by adiabatically lowering the lattice potential, resulting in
condensate of dipolar bosons. Here the long-range dip
dipole interactions should introduce interesting correlatio
effect in both the ground state and collective excitations
the BEC@12–16#.

Others have considered the related problem of superfl
insulator transitions for spinor~multicomponent! BECs @17#
in which the added freedom of superpositions of hyperfi
states is included. One crucial difference between a tw
species system and a spinor system is the fact that e
atomic species will see a different optical potential as a re
©2003 The American Physical Society03-1
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FIG. 1. ~Color online! Separated-~left! and
mixed- ~right! two-species Mott-insulator phase
in an optical lattice. The separated-phase MI
randomly distributed.
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of having different dipole moments and resonance frequ
cies. This additional freedom should result in the physics
a two-species system being significantly richer than that o
single-species spinor system. For example, due to the po
tial for different tunneling rates between neighboring latt
sites and/or collision rates for each species, the superfl
insulator transition will most likely occur at a different lattic
intensity for each species, resulting in a regime where an
of one species is embedded in an SF of another spe
Thus, the phases of a dual-species lattice can be divided
three categories: a dual SF, a hybrid SF-MI phase, and a
MI phase. At present we will focus primarily on the prope
ties of the dual MI phase as it is the only phase with
potential for collisionless photoassociation into dipolar m
ecules.

The starting point for our theoretical consideration is
two-species atomic system in the presence of an optical
tice potential. The atomic density is assumed to be such
at the center of the trap, there is one atom per species
cubic wavelength. Our discussion will apply to either 1
2D, or 3D lattices, provided that tight confinement is pr
vided in the additional dimensions. The Bose-Hubba
Hamiltonian@18# that describes such a system is then giv
by

Ĥ5
\

2 (
j

@g11n̂1 j~ n̂1 j21!1g22n̂2 j~ n̂2 j21!12g12n̂1 j n̂2 j #

1\(
i , j

@b1i j ĉ1i
† ĉ1 j1b2i j ĉ2i

† ĉ2 j #, ~1!

whereĉi j is the bosonic annihilation operator for speciesi at
lattice sitej, n̂i j 5 ĉi j

† ĉi j is the corresponding number oper
tor, b i jk is the rate of tunneling of speciesi from lattice site
j to sitek, andgi j is the collision rate for collisions betwee
speciesi and j. In this work we will concentrate on control
ling the collision parametersgi j by varying the control pa-
rameters of the optical lattice. We note that the tunnel
terms can also be controlled by the same mechanism, bu
not of interest in the present treatment as our conclusions
drawn exclusively from the relative strength of the collisi
terms.

In order to compute the various interaction coefficien
we must first consider the dependence of the optical lat
potential on the intrinsic properties of each atomic spec
The optical potential seen by speciesi can be expressed as

Vi~r !5
di

2

~v i2vL!
U~r !, ~2!
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wheredi and v i are the dipole moment and resonance f
quency of speciesi, respectively,vL is the laser frequency o
the optical field, andU(r )52uE(r )u2/\ is the species-
independent intensity of the optical field. Assuming that t
sign of detuning is the same for both species, in which c
the potential minima will coincide, we can expand an ar
trary lattice site around the potential minima according
U(r )5u01 1

2 (mumr m
2 , giving

Vi~r !5
1

2

di
2

~v i2vL! (
m

umr m
2 , ~3!

where we have dropped the constant term, consistent wi
transformation to a rotating frame which leaves the Ham
tonian~1! unchanged. The Cartesian coordinates, defined
each identical lattice welli are denoted byr m , where the
potential minimum is taken as the origin andm5x,y,z.

Following the expansion in Eq.~3!, we make a Gaussian
approximation for the lowest-energy Wannier modes of a
tice site for speciesi as

f i~r !5p23/4)
m

l im
21/2e2(1/2)(r m /l im)2/2, ~4!

where we have introduced the harmonic-oscillator length
speciesi along the directionr̂ m ,

l im5F\2uv i2vLu

midi
2um

G 1/4

, ~5!

mi being the atomic mass of speciesi. With these wave func-
tions, we can compute the collision coefficients via

gi j 5
2p\ai j

m i j
E dr uf i~r !u2uf j~r !u2

5
2\ai j

Apm i j
)
m

1

Al im
2 1l j m

2
, ~6!

whereai j is the scattering length for collisions between sp
ciesi andj andm i j 5mimj /(mi1mj ) is the reduced mass th
two-species system.

Since the harmonic-oscillator length~5! for a given
atomic species tends to zero when approaching the ato
resonance frequency, tuning the lattice frequency close to
resonance frequency of one atomic species can act
strong ‘‘handle’’ with which to tune the relative atomic den
sities, and hence the collision parameters of the system.
3-2
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local density per atom, defined as 1/Vi5)ml im
23 , is given by

1/Vi5r i\
23/2)mum

3/4, where we have introduced the relativ
density parameter

r i5F midi
2

uvL2v i u
G3/4

. ~7!

The ratio of the local densities for the different speci
Vi /Vj5r j /r i is independent of the lattice parametersum ,
provided only that the wells are sufficiently deep such t
the Gaussian approximation holds for the lowest Wann
state—generally valid when the lattice depth is large as c
pared to the atomic recoil energy. In Fig. 2, we plot t
dimensionless density parameterr i as a function ofvL for
atomic species currently used in BEC experiments:23Na,
41K, and 87Rb. From this figure, we note that a wide ran
of relative densities can be obtained by varying the latt
frequency across the atomic resonance frequencies.
atomic parameters in this calculation are

mi5$22.99,40.96,86.91%mp ,

v i5$0.9720,0.7472,0.7351%cR` ,

anddi5$0.9036,0.8227,0.8023%ea0, respectively, wheremp
is the proton mass,e the electron charge,a0 the Bohr radius,
c the speed of light, andR` the Rydberg constant. In analog
with previous studies of Bose-Hubbard Hamiltonia
@11,17,18#, it is safe to assume that for a deep enough lat
and for strictly positive-scattering lengths, the ground st
of the two-species Bose-Hubbard model havingN atoms per
species andN lattice sites will be an insulator state, i.e., th
atoms will be localized in individual wells. The minimum
energy arrangement of the two atomic species then dep
on the relative strengths of interspecies and intraspecies
lision parameters. In principle, there is a broad variety
possible two-species Mott-insulator phases. If, e.g., one
cies has an extremely weak self-interaction relative to
other interaction parameters, then it may be energetically
vorable for all atoms of the first species to occupy a sin
lattice site with the second species uniformly distributed o

0.5 1 1.50

50

100

150

200

Rb

K

Na

Lω
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FIG. 2. ~Color online! Relative density parameter in an optic
lattice for 23Na, 41K, and 87Rb as a function of the lattice frequenc
vL . The relative density parameter is in units of@mpe2a0

2/cR`#3/4

and the laser frequency is in units ofcR` .
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the remaining sites. We do not consider such extreme si
tions and instead focus on the more likely regime where
ground state contains exactly two atoms per site. This reg
has two phases: amixed phasewhere one atom per specie
occupies each site, and aseparated phasewhere each site
contains two atoms of the same species. We note that
separated phase is unique since in that the ground state c
be any quantum superposition of different patterns for d
tributing the two species.

The collisional energy per lattice site of the MI state
given byEs,m5(1/N)^cm,suĤucs,m&, whereN is the number
of lattice sites. For the case of two lattice sites, the quan
state of the separated MI phase is

ucs&5
1

2
ĉ11

† ĉ11
† ĉ22

† ĉ22
† u0&, ~8!

whereas the ground state of the mixed MI phase is

ucm&5 ĉ11
† ĉ12

† ĉ21
† ĉ22

† u0&. ~9!

The energy per lattice site calculated from this two-site st
will remain valid as the lattice is scaled up to any even nu
ber of sites. The energy per lattice site for the separa
phase isEs5

1
2 (g111g22), whereas the energy of a pair o

mixed-phase per lattice site isEm5g12. The condition for a
mixed-species ground state is thereforeEs /Em5(g11
1g22)/2g12.1, which can be determined with the help
Eqs.~5! and ~6!.

In Fig. 3, we plot this ratio as a function of the lattic
frequencyvL for the case of87Rb and 41K. We use the
scattering length dataaRb2Rb599a0 , aK2K560a0, and
aRb2K5163a0, taken from the recent report on a two
species superfluid@9#. The frequency domain is divided int
five regions. In region I, both species see a red-detuned
tice and the ground state is a separated dual MI. In region
which spans fromvL50.733 663 to the87Rb resonance,
both species also see a red-detuned lattice but the increa
the rubidium density results in the ground state being
desired mixed phase. Since the mean-field energy is pro
tional to r i

2 , there is an additional energy cost associa
with having Rb atoms at the same lattice site. Region III l
between the Rb and K resonances, and hence the two sp

0.7350.730 0.740 0.745 0.75

0.5

1

1.5

2

E
s

ωL

E
m

I IIIII IV V

FIG. 3. ~Color online! The ratio of the energies per particle o
the separated and mixed phases of a87Rb-41K two-species Mott
insulator as a function of the lattice frequencyvL taken in units of
cR` .
3-3



al
e
he
s
o

ic
em
fo
th

e
te

in

n

nd

e

b

MI
er
le
xed
d to
the
m
MI
ixed
fa-

m-

on-
ere
r of
ds
a
e-
if-
st-
s

n-
ith
stem
we

ed
-
sed

un-
al

nd

RAPID COMMUNICATIONS

M. G. MOORE AND H. R. SADEGHPOUR PHYSICAL REVIEW A67, 041603~R! ~2003!
see different potential minima, e.g.,gi j '0 for iÞ j . Here the
ground state will be a dual MI, but with the Rb atoms loc
ized at the lattice intensity minima and the K atoms localiz
at the intensity maxima. In regions IV, which spans from t
K resonance frequency tovL50.747 631 and V, both specie
see a blue-detuned lattice, with region IV corresponding t
mixed phase and region V to a separated phase.

The mixed phase occurs only in the vicinity of an atom
resonance; thus, we must make sure that spontaneous
sion rates are sufficiently small and remain negligible
experimentally realizable time scales. By integrating over
lattice intensity via

E dzH cos2~kz!

sin2~kz! J 3e2z2
5

Ap

2
~16e2k2

!

and the help of Eqs.~2!–~5!, it can be determined that th
spontaneous emission rate of an atom in the ground sta
a spherically symmetric lattice well with deptha\vR , vR

5\vL
2/(mic

2) being the atomic recoil frequency, is given
the Gaussian approximation by

g i5
3

2
avR

G i

uv i2vLu ~16e21/Aa!, ~10!

whereG i is the natural linewidth of speciesi and the1 and
2 signs give the result for a red-detuned and a blue-detu
lattice, respectively. For87Rb, with GRb55 MHz, we find
that the average decay rate just to the right of the I-II bou
ary is gRb'a(11e21/Aa)3731022 Hz, which for a520
gives a lifetime per atom of 0.38 s. Similarly, on the blu
detuned side, we find the average decay rate for41K, with
GK56 MHz, just to the left of the IV-V boundary is given
by gK'a(12e21/Aa)3731021 Hz. For a520, this gives
a lifetime per K atom of 0.35 s, roughly the same as for R
sc
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The time scale for adiabatic passage from an SF to an
state is typically of the order of 10 ms, so working in eith
the red~II !- or blue ~IV !-detuned regions should be feasib
without spontaneous heating. We note that once the mi
dual-MI state is reached, the lattice depth could be rampe
a large enough value to suppress tunneling, after which
lattice frequency could be moved much further away fro
the atomic resonance while preserving the mixed dual-
state as a metastable state. With this technique, the m
phase could have a much longer spontaneous lifetime to
cilitate more time consuming photoassociation or quantu
computing processes.

In conclusion, we have determined the ground-state c
figuration of a two-species optical lattice for the case wh
the number of atoms in each species equals the numbe
lattice sites, showing that varying the lattice frequency lea
to a variety of MI phases. In making the transition to
dual-MI state from a dual-SF state, it is likely that each sp
cies will undergo the superfluid-insulator transition at a d
ferent lattice intensity, passing through a potentially intere
ing hybrid SF-MI state. While there are no obviou
difficulties in reaching the mixed dual-MI state in this ma
ner, dynamical simulation of the Bose-Hubbard model w
the exact Wannier states is needed to ensure that the sy
can indeed be driven into the true ground state, a task
plan to carry out in a future work.

Note added. Recently, we became aware of a relat
manuscript by Damskiet al. @19# which reaches similar con
clusions but concentrates on different aspects of the propo
technique.

This work was supported by the National Science Fo
dation through a grant for the Institute for Theoretic
Atomic and Molecular Physics at Harvard University a
Smithsonian Astrophysical Observatory.
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